Abstract. In this paper, we introduce the notion of expanding topological space. We define the topological expansion of a topological space via local multi-homeomorphism over coproduct topology, and we prove that the coproduct family associated to any fractal family of topological spaces is expanding. In particular, we prove that the more a topological space expands, the finer the topology of its indexed states is. Using multi-homeomorphisms over associated coproduct topological spaces, we define a locally expandable topological space and we prove that a locally expandable topological space has a topological expansion. Specifically, we prove that the expanding fractal manifold is locally expandable and has a natural topological expansion.
Introduction
The main objective of this paper is to relate the universe expansion to a topological expansion and to provide a new understanding of the space expansion via topology. However, relating topology to the continuous deformations of the space, such as its expansion, is quite impossible since topology is invariant under any continuous deformation of the space. This situation calls to circumvent the main difficulty by constructing new topological tools via fractal topology [3] that allows the detection of continuous deformations of space (such as its expansion). The fractal manifold model [1] is an adequate lead to these new tools since it is a valid for modeling the universe expansion [2] , and since it is naturally associated to a fractal family of topological spaces introduced in [3] .
The plan of this paper is as follow: in the preliminary part (Section 2) a general introduction to the fractal topology is presented, followed by an introduction to the fractal manifold and its own fractal topology. The Section 3 contains the main result. A definition of topological expansion via local multi-homeomorphisms over coproduct topological spaces is given in Subsection 3.1.1. We introduce the coproduct topology associated to a fractal family of topological spaces, and we prove that it is expanding in Subsection 3.1.2. In Subsection 3.1.3, we define a locally expandable topological space and we prove that a locally expandable topological space has a topological expansion. In Subsection 3.1.4, we provide examples of topological expansion. In Subsection 3.2, the fractal manifold model is presented as a fundamental example of application of these new topological tools: we prove that the expanding fractal manifold is locally expandable and then has a topological expansion. We give an overview and derive conclusions in Section 4.
Preliminary
In this part, we give an introduction to the fractal topology that can be found in [3] as well as an introduction to the fractal manifold model that can be found in [1] .
Introduction to Fractal Topology
Definition 2.1 A fractal family of topological spaces is a family X jn n , F jn n jn∈In n≥0 (1) where i) for all n ≥ 0, I n is an index set such that Card I n+1 > Card I n ; ii) for all n ≥ 0 and for all j n ∈ I n , (X jn n , F jn n ) is a topological space; iii) for each n ≥ 0, the topologies F jn n are equivalent for all j n ∈ I n ; iv) for all n ≥ 0 and for all j n+1 ∈ I n+1 , there exists a unique j n ∈ I n such that
and
v) for all n ≥ 0, for all j n ∈ I n , there exists j n+1 ∈ I n+1 such that is a fractal family of topological spaces.
Introduction to Fractal Manifold
The fractal manifold model [1] is built using a union of topological spaces all disjoint or all the same and families of local homeomorphisms that double the local properties of the space.
Fractal-Manifold
We introduce in this part basic notions about δ 0 -manifold and fractal manifold that can be found in [1] with deeper details related to the construction. Let us consider a strictly decreasing sequence (ε n ) n≥0 such that ε n ∈]0, 1[ for all n ≥ 0. We denote R 0 =]0, ε 0 [, and R n = [0, ε n [ for all n > 0. For all n ≥ 0, let us consider the variables δ n such that δ n varies in R n and δ n+1 < δ n for all n ≥ 0. Let f i , for i = 1, 2, 3, be three continuous and nowhere differentiable functions, defined on the interval [a, b] ⊂ R, with a < b. For i = 1, 2, 3, the associated graph of f i is given by
. For i = 1, 2, 3, let us consider the function f i (x, y) = 1 2y x+y x−y f i (t)dt, we call forward (respectively backward) mean function of f i the function given by:
and we denote by Γ σ 0 i,δ 0 its associated graph. We define the translation T δ 0 :
Definition 2.3 For δ 0 ∈ R 0 , let M δ 0 be an Hausdorff topological space. We say that M δ 0 is an δ 0 -manifold if for every point x ∈ M δ 0 , there exist a neighborhood Ω δ 0 of x in M δ 0 , a map ϕ δ 0 , and two open sets V
, and
are two homeomorphisms.
Let M = δ 0 ∈R 0 M δ 0 be a union of δ 0 -manifolds all disjoint or all the same, where the variable δ 0 varies in R 0 .
Definition 2.4 We call object of
Therefore an object of M = δ 0 ∈R 0 M δ 0 is a family of points that has a representative element in each M δ 0 , δ 0 ∈ R 0 . Definition 2.5 We say that M admits an internal structureX on a point P ∈ M if there exists a C 0 -parametric pathX
such that for all ε ∈ R 0 , Range(X) ∩ M ε = X (ε) , and there exists ε ′ ∈ R 0 such that
Definition 2.6 A fractal manifold is an union of Hausdorff topological spaces all disjoint or all the same M = δ 0 ∈R 0 M δ 0 , which satisfies the following properties: ∀δ 0 ∈ R 0 , M δ 0 is a δ 0 -manifold, and ∀P ∈ M, M admits an internal structureX on P such that there exist a neighborhood
× {δ 0 } for σ = ±, and there exist two families of maps (ϕ δ 0 ) δ 0 ∈R 0 and (
are homeomorphisms for all δ 0 ∈ R 0 . Definition 2.7 i) A local chart on the fractal manifold M is a triplet (Ω, ϕ, T • ϕ), where
ii) The coordinates of an object Rg(X) ⊂ Ω related to the local chart (Ω, ϕ, T • ϕ) are the coordinates of the object ϕ(Rg(X)) in
Notations:
1) For all n ≥ 0, for all δ 0 ∈ R 0 , . . . , δ n ∈ R n and σ 0 = ±, . . . , σ n = ±, we denote by N σ 0 ...σn δ 0 ...δn the following set:
where Γ σ 0 ...σn iδ 0 ...δn represents the graph of the function:
. . .
for all x ∈ [a, b].
2) We denote the set
Using the previous notations, the following theorem (see [1] ) illustrates the fractal manifold model: Theorem 2.1 If M is a fractal manifold, then for all n ≥ 0, and for all k ∈ [2 n , 2 n+1 −1]∩N, there exist a family of local homeomorphisms ϕ k and a family of translations T k such that for σ j = ±, j = 0, 1, ..., n, one has the 2 n diagrams at the step(n) given by Diagram A: 
step(0)
step (1) step (2) . . . 
Fractal Topology and Fractal Manifold
Notation: For all n ≥ 0, we denote Λ n the index set of cardinal 2 n+1 given by:
and we have Λ 0 = {σ 0 / σ 0 = ±} = {+, −} with cardinal 2, 
The following Lemma and Theorems can be found in [3] :
Lemma 2.1 For all n ≥ 0 and for all σ 0 = ±, . . . , σ n = ±, the set 
Main Results

Topological Expansion
Coproduct Topology and Expanding Topological Space
We characterize an expanding topological space as follow:
We say that a family of topological spaces E n , T n n≥0 is expanding if for all n ≥ 0 there exists a family of topological spaces E jn n , T jn n jn∈In indexed by a set I n such that: i) Card I n < Card I n+1 ; ii) for all n ≥ 0 and for all j n+1 ∈ I n+1 , there exists a unique j n ∈ I n such that
iii) (E n , T n ) n≥0 is the topological coproduct given by
We say that the topological spaces (E n , T n ), n > 0 are the indexed expansion states of the topological space (E 0 , T 0 ), and that the topological space (E 0 , T 0 ) is expanding into the topological space (E n , T n ) for all n > 0.
represents all the transformations of the topological space (E 0 , T 0 ) due to its expansion.
Proposition 3.1 Let (E i , T i ) i∈I be an indexed family of topological spaces. If E = i∈I E i and T is the coproduct topology on E given by
Proof. We denote the set S = i∈I O i × {i} / ∀i ∈ I, O i ∈ T i . We have to prove the following:
i) the set S is a topology on E; ii) T = S. i) Since E i and ∅ are in T i for all i ∈ I, then the sets E and ∅ are in S. Let us consider i∈I O i × {i} and i∈I U i × {i} in T. Since for all i ∈ I, T i is a topology, then (O i ∩ U i ) ∈ T i , and then
Since for all i ∈ I, T i is a topology, then k∈K O i,k ∈ T i , and then k∈K i∈I O i,k × {i} ∈ S, thus the set S is a topology on E.
ii) We have to prove the following inclusions: T ⊂ S and S ⊂ T. Let us consider O ∈ T. Since O is a subset of E, then
Inversely, let us consider
which is an open set of E i * × {i * }. Therefore O ∈ T, which provides the second inclusion and ends the proof. ⊓ ⊔ Definition 3.2 Let M be a topological space and let E i , T i i∈I be an indexed family of topological spaces. We say that M is locally multi-homeomorphic to the disjoint union E = i∈I E i together with the coproduct topology T if for all x ∈ M there exist Ω neighborhood of x in M , V = i∈I V i ∈ T and a family of maps (ψ i ) i∈I such that for all i ∈ I, ψ i : Ω −→ V i is an homeomorphism.
We call Ω, (ψ i ) i∈I a local multi-chart at x ∈ M . For all y ∈ Ω, the coordinates
in E are the coordinates of y in the multi-chart Ω, (ψ i ) i∈I .
Definition 3.3 Let M be a topological space. We say that M has a topological expansion if there exists an expanding family of topological spaces
Definition 3.4 Suppose that (X, T ) and (X ′ , T ′ ) are two topological spaces. We say that T ′ is finer that T if
In particular if X = X ′ , we find again the classical concept of topologies comparison.
Property 3.1 Let (X, T ) be a topological space and A be a subset of X endowed with the subspace topology
Proof. It is obvious since T A ⊂ T if and only if
be a fractal family of topological spaces. For all n ≥ 0 we denote by g n the map g n : I n+1 → I n that associates to each j n+1 ∈ I n+1 the unique
is a fractal family of topological spaces, then for all n ≥ 0, the map g n is a surjection on I n+1 .
Proof. The result comes from Definition 2.1, v).
is a fractal family of topological spaces, then for all n ≥ 0 and for all j n+1 ∈ I n+1 , there exists a unique j n ∈ I n such that
Proof. By Definition 2.1,iv), for all n ≥ 0 and for all j n+1 ∈ I n+1 , there exists a unique j * n ∈ I n such that F
By Definition 2.1,v), for j * n ∈ I n there exists j * n+1 ∈ I n+1 such that
n , which means that the space X j * n n is seen in both spaces X n+1 are equivalent, then there exists a homeomorphism ϕ :
n+1 , which completes the proof.
be a fractal family of topological spaces. We define for all n ≥ 0 the coproduct (X n , F n ) associated to X jn n , F jn n jn∈In n≥0
to be the disjoint union
together with the coproduct topology F n given by
The topological spaces X jn n , F jn n , j n ∈ I n are called the fractal constituent spaces of the coproduct (X n , F n ), and X n , F n n≥0 is called the coproduct family associated to
. Remark 3.2 By Proposition 3.1,
(15)
is a fractal family of topological spaces, then the associated coproduct family X n , F n n≥0 is expanding.
be a fractal family of topological spaces, and let X n , F n n≥0 be its associated coproduct family. We have to verify that the conditions of the Definition 3.1 are satisfied. By Definition 2.1, Card I n < Card I n+1 . By Lemma 3.1, for all n ≥ 0 and for all j n+1 ∈ I n+1 , there exists a unique j n ∈ I n such that
and for all n ≥ 0, the space X n = jn∈In X jn n is endowed with the coproduct topology F n , which completes the proof.
⊓ ⊔
is a fractal family of topological spaces and X n , F n n≥0 its associated coproduct family, then the topological space (X 0 , F 0 ) is expanding into the topological space (X n , F n ) for all n ≥ 0.
Proof. The proof is straight forward from Theorem 3.1 and Definition 3.1.
be a fractal family of topological spaces. For all n ≥ 0, for all j n ∈ I n and for all j n+1 ∈ I n+1 such that g n (j n+1 ) = j n , the space X jn n × {j n } is identified to the subspace
Proof. Let n ≥ 0 and j n ∈ I n . Let j n+1 ∈ I n+1 such that g n (j n+1 ) = j n . Since g n (j n+1 ) = j n , by Lemma 3.1, we have
n+1 . Let us consider the following canonical injection
The injection ζ is continuous:
is an open set of X jn n × {j n }. Therefore the continuous injection ζ is an homeomorphism from X jn n × {j n } to ζ X jn n × {j n } = X jn n × {j n+1 }, which allows to identify the space X jn n × {j n } to the space X jn n × {j n+1 }.
is a fractal family of topological spaces, then for n ≥ 0
where
n+1 for all j n+1 ∈ I n+1 .
Proof. Let n ≥ 0. Since Card I n < Card I n+1 , the map g n is surjective but not injective. For a given j n ∈ I n , we consider the set of all j n+1 ∈ I n+1 that have the same image j n by the map g n , that is to say such that g n (j n+1 ) = j n . Therefore we can write the union
n+1 × {j n+1 } , which gives the property. 
is a fractal family of topological spaces, and X n , F n n≥0 is its associated coproduct family, then
Proof. Let X n+1 . Let us denote p = Card {j n+1 ∈ I n / g(j n+1 ) = j n }. Since g n is surjective but not injective, then p ≥ 1. We denote by j 1 n+1 , ..., j p n+1 all the elements of the set {j n+1 ∈ I n / g(j n+1 ) = j n }, and we have
then we can write Ω
and we have Ω
Since for all j n+1 ∈ I n+1 such that g n (j n+1 ) = j n , we have O n+1 × {j n+1 }, and we obtain
n+1 × {j n+1 } ∈ F n+1 , which ends the proof.
is a fractal family of topological spaces, and
is its associated coproduct family, then X n n≥0 is ascending.
Proof. Its a direct consequence of Theorem 3.2. ⊓ ⊔
is a fractal family of topological spaces, and (X n , F n ) n≥0
is its associated coproduct family, then the more the topological space (X 0 , F 0 ) expands, the finer the topology of its indexed states is.
Proof. For all n ≥ 0, we have X n ⊂ X n+1 by Corollary 3.2 and F n ⊂ F n+1 by Theorem 3.2, then by Definition 3.4 we conclude that F n+1 is finer than F n , which gives the result. ⊓ ⊔ such that M is locally multi-homeomorphic to the associated coproduct topological space (X n , F n ) for all n ≥ 0. such that M is locally multi-homeomorphic to (X n , F n ) for all n ≥ 0. By Theorem 3.1, the family of topological spaces X n , F n n≥0 is expanding, then there exists an expanding family of topological spaces X n , F n n≥0 such that M is locally multi-homeomorphic to the associated coproduct (X n , F n ) for all n ≥ 0. Moreover using Theorem 3.2, we have F n ⊂ F n+1 for all n ≥ 0, therefore by Definition 3.3, M has a topological expansion. ⊓ ⊔
Examples of Topological Expansion by Stretching
To give an example of topological space that has a topological expansion, we have first to build a fractal family of topological spaces. • For the step(2), we stretch each interval of the previous step left and right by subtracting ε 2 for the left stretching and adding ε 2 for the right stretching, to obtain:
etc (see the process tree in Diagram B).
More generally, let us consider for all n ≥ 0 the index set I n = {0, 1, ..., n} and the index sets I + n = {i ∈ I n /σ i = +} and
We have I n = I + n ∪ I − n for all n ≥ 0. For all n ≥ 0 and for all j n = σ 0 ...σ n ∈ Λ n , where Λ n is the index set defined by (8), the stretching process gives the following intervals at the step(n):
and by stretching left and right the open interval X jn n we obtain at the step(n + 1) the open intervals verifies the following:
is a topological space for all n ≥ 0 and for all j n ∈ Λ n ; 3. For a given n ≥ 0, the topologies F jn n are equivalent for all j n ∈ Λ n since the X jn n , j n ∈ I n are open intervals of R;
4. For all n ≥ 0 and for all j n+1 = σ 0 ...σ n σ n+1 ∈ Λ n+1 , there exists a unique j n ∈ Λ n given by j n = σ 0 ...σ n such that X jn n ⊂ X
5. For all n ≥ 0 and for all j n = σ 0 ...σ n ∈ Λ n , there exist two indexes j n+1 ∈ I n+1 given by j n+1 = σ 0 ...σ n + and
Consequently the family
is a fractal family of topological spaces. If we define the coproduct X n = jn∈Λn X jn n = jn∈Λn X jn n × {j n } together with the coproduct topology Proof. The proof is straight forward from the description of the previous stretching process. ⊓ ⊔ Remark 3.4 The topological expansion of ]a, b[ is not unique since there exists an infinite number of sequences (ε n ) n≥0 such that ε n < ... < ε 1 < ε 0 for all n ≥ 0, which gives an infinite number of stretching processes. Stretching process on R n : the stretching process on R can be generalized to R n .
Let us consider
an open box of R n , where a k and b k are finite real numbers for k = 1, ..., n, and let (ε n ) n≥0 be a strictly decreasing sequence of real numbers. By applying the stretching process on R given for all n ≥ 0 and for all j n ∈ Λ n by
endowed with the topology for all n ≥ 0 and for all j n ∈ Λ n is given by
By Proposition 3.2, the open box P is locally expandable (see illustration of a locally expandable box in R 2 , Fig.1 ) and we have the following proposition: 
n for example is the new surface of the square box obtained at the step(2) after left and right stretching process. This new surface is compared to the surface of bigger square box that delimitate it in b), where the white surface within the big square box is missing in the stretching process of the box P , which makes the fractal dimension of the obtained stretched surface less that 2 since it is not a surface of full square. .
Proof. The proof is straight forward from the construction. ⊓ ⊔ Remark 3.6 An open box of R 2 is expandable, where the stretching process from step(0) to step(2) is illustrated in Fig.1 . The non disjoint union of the obtained fractal family {(X jn n , F jn n ), /j n ∈ Λ n and 0 ≤ n ≤ 2} is illustrated in Fig.2 , and its is not difficult to see that the fractal dimension of the surface jn∈Λn X jn n for 0 ≤ n ≤ 2 is strictly less than 2. given for all n ≥ 0 by
Proposition 3.4 The coproduct family N n , T n n≥0 is an expanding family of topological spaces.
Proof. By Theorem 2.2, the family
is a fractal family of topological spaces, then by Theorem 3.1 N n , T n n≥0
is an expanding family of topological spaces.
Proof. The proof is a direct consequence of Theorem 3.2. ⊓ ⊔
Topological Expansion of the Fractal Manifold
From the Theorem 2.1, Diagram A, one can understand the expansion of the fractal manifold M in the local coordinates system at each step. Indeed, for all P ∈ M there exists a local multi-chart at P given by
If we use the index set Λ n given by (8) with Card Λ n = 2 n+1 , then we will have a family (ψ jn n ) jn∈Λn that represents the 2 n+1 local homeomorphisms used in the local multi-chart (29) at the step(n) for all n ≥ 0, therefore the local multi-chart (29) at the step(n) can be denoted as follow Ω, (ψ jn n ) jn∈Λn , where for n = 0 this chart is a triplet, for n = 1 it is a quintuplet, etc. Since for all n ≥ 0 and for all j n ∈ Λ n we have
then for all n ≥ 0, the disjoint union at the step(n) in the local multi-chart Ω, (ψ jn n ) jn∈Λn . The number of local coordinates of P in the local multi-chart Ω, (ψ jn n ) jn∈Λn is increasing from one step to another. We can express the expansion of the fractal manifold M via its local expansion everywhere: Proposition 3.6 If M is a fractal manifold, then M is locally multi-homeomorphic to (N n , T n ) for all n ≥ 0.
Proof. Let M be a fractal manifold. For all P ∈ M and n ≥ 0, there exists a local chart Ω, (ψ jn n ) jn∈Λn such that Ω is a neighborhood of P in M, such that M is locally multi-homeomorphic to the associated coproduct topological space (N n , T n ) for all n ≥ 0 as proved in Proposition 3.6, then by Definition 3.7 we obtain that M is locally expandable, which completes the proof. ⊓ ⊔ Theorem 3.4 If M is a fractal manifold, then M has a topological expansion.
Proof. Since M is a fractal manifold, then by Corollary 3.4, M is locally expandable, and then by Theorem 3.3, M has a topological expansion. ⊓ ⊔ Remark 3.7 The local transformations of the fractal manifold M from one step to another are locally identified via local multi-homeomorphisms to the local transformations of the expanding topological space (N 0 , T 0 ). Therefore the more M expands, the more M is locally multi-homeomorphic to a finer topological space.
Overview and Conclusion
In this framework we have established a new formalism that leads: i) to define properly a topological expansion of a topological space via disjoint union topology of family of image of topological spaces X jn n for all n ≥ 0, where the image of X jn n is given by the product X jn n × {j n }; ii) to make possible the comparison of two different topological spaces (X, τ 1 ) and (Y, τ 2 ) when X is a subspace of Y ;
iii) to quantify a topological expansion in different indexed expansion states, and thanks to ii), to end up with a clear causality between space expansion and the finer topology of the indexed expansion states: the more a topological space expands, the finer the topology of its indexed states is.
The main lead in this new formalism is the fractal manifold model. Indeed, contrary to the Riemannian or pseudo-Riemannian manifold used in general relativity, the fractal manifold model presents two fundamental aspects: a variable geometry [2] , and a variable topology [3] . The coexistence of these two aspects leads to understand the space-time dynamic via topological variation of the space as it was elaborated within this work.
It is known that the topology is invariant under continuous deformations of the space, including space expansion, and then it is quite impossible to find criteria using classical topology that give a new understanding of the space expansion via topology (or to understand what happens to the topology when the space expands). However, this new formalism makes the fractal topology sensitive to the continuous deformations of the space such as its expansion, and allows to find out a causality between space expansion and topology variation. The reason behind that is the main structure of the fractal manifold [1] . Indeed the continuous deformation of the space on fractal manifold is constructed via a discontinuous process: a double family of local homeomorphisms from one step to another that double the local properties of the topological space and generates local expansion of the space. This procedure in describing the continuous deformation of the space such as its expansion is actually made by quantifying splits of the local properties of the space. This sequence of splits makes the fractal topology on fractal manifold locally sensitive to the continuous deformations of the space, which gives the causality between space expansion and variation of the fractal topology.
The global expansion of the space, within this framework, can be understood via its local expansion everywhere that preserves the homogeneity of the space, which is one of the fundamental principle in cosmology. This framework provides a new insight and define causalities related to the variation of topology as the space-time expands, which could open a new window on topology applications in cosmology.
